Theorem 1.1 (Godefroy, Kalton and Saphar). Let X be a Banach space and let Z be a subspace of X. The following statements are equivalent. (a) Z is a u-ideal in X. (b) There exists a Hahn-Banach extension operator ϕ ∈ H B(Z, X) such that whenever ε > 0, x ∈ X and A is a convex subset of Z such that ϕ * (x) is in the weak * -closure of A then there exists z ∈ A with x − 2z < x + ε.
(c) There exists a Hahn-Banach extension operator ϕ ∈ H B(Z, X) such that for every x ∈ X there is a net (z α ) in Z such that ϕ * (x) = lim α z α in the weak * -topology and lim sup α x − 2z α x .
(d) For every finite dimensional subspace F of X and every ε > 0 there is a linear map L : F → Z such that (1) L(x) = x for every x ∈ F ∩ Z, and (2) x − 2L(x) (1 + ε) x for every x ∈ F .
Note that (1) in Theorem 1.1 (d) can be substituted by the inequality L(x)−x ε x for every x ∈ F ∩ Z. We will sometimes use this fact.
Let X and Y be Banach spaces. We denote by L(Y, X) the Banach space of bounded linear operators from Y to X, and by F (Y, X), K(Y, X) and W(Y, X) its subspaces of finite rank operators, compact operators and weakly compact operators, respectively.
In Section 2 we show that the set of Hahn-Banach extension operators H B(X, Y ) is a face in the unit ball of L(X * , Y * ). We show in Proposition 2.2 that an unconditional Hahn-Banach extension operator has to be a center of symmetry in H B(X, Y ). If X contains a copy of ℓ 1 and is a u-ideal in its bidual, then we show that diam H B(X, X * * ) = 2. We also show that in some important cases the set H B(X, Y )
consists of a single element. The subspaces Z of X such that ϕ * | X * * (Z ⊥⊥ ) ⊂ Z ⊥⊥ where ϕ ∈ H B(X, X * * ) is unconditional are characterized.
In Section 3 we establish in Theorem 3.2 characterizations of the case when F (Y, X) is a u-ideal in W(Y, X) for every Banach space Y . The characterizations include a statement similar to Theorem 1.1 (b) involving a Hahn-Banach extension operator, a statement which is an approximation property for X and statements about approximating weakly compact operators by finite rank operators. In Theorem 3.5 we give similar characterizations of the case when F (X, Y ) is a u-ideal in W(X, Y ) for every Banach space Y .
In Section 4 we characterize the property that F (Y, X) is a u-ideal in W(Y, X * * )
for every Banach space Y in Theorem 4.3, and the property that F (Y, X) is a u-ideal in K(Y, X * * ) for every Banach space Y in Theorem 4.4 (by statements similar to those in Theorems 3.2 and 3.5). An example due to Oja [25, Example 3] shows that the latter property is strictly weaker than the first (see Remark 4.3 below).
We define an unconditional version of the weak metric approximation property. We show by giving an example that this property is strictly weaker than F (Y, X) being a u-ideal in K(Y, X * * ) for every Banach space Y . We will frequently use the isometric version of the Davis-Figiel-JohnsonPe lczyński factorization lemma [3] due to Lima, Nygaard and Oja [16] . Let X be a Banach space and let K be a closed absolutely convex subset of the unit ball B X of X. If Z is the Banach space constructed from K in the factorization lemma and J is the norm one identity embedding of Z into X (see [16, Lemma 1 .1]), we will write
From the factorization lemma we know that Z is reflexive if and only if K is weakly compact. The factorization lemma also says that if K is compact, then Z is separable and J is compact.
From the isometric version of the factorization lemma proved by Lima, Nygaard and Oja [16, Theorem 2.3] we get that if G ⊂ W(Y, X) is a finite dimensional subspace, then there exist a reflexive Banach space Z, a norm one operator J : Z → X and a linear isometry Φ :
We will write
for this construction. Similarly, using [16, Corollary 2.4], we get that if G ⊂ W(X, Y ) is a finite dimensional subspace, then there exists a reflexive Banach space Z, a norm one operator J : X → Z, and a linear isometry Φ :
for this construction. We use standard Banach space notation as used by Lindenstrauss and Tzafriri in [23] . Only real Banach spaces are considered unless otherwise stated. The closed unit ball of a Banach space X is denoted by B X and the identity operator on X is denoted by I X . We will write X * for the dual space of X. If Z ⊂ X is a subspace of X, then we will write i Z : Z → X for the canonical embedding. We will write k X : X → X * * for the natural embedding of X into its bidual. The symbol ext B X denotes the set of extreme points in B X . If T : X → Y is an operator and x ∈ X, then we will write T x instead of T (x) when there is no danger of confusion.
Unconditional Hahn-Banach extension operators
Let us start with a general result about the location and size of the set of HahnBanach extension operators.
In Lemma 3.1 in [5] there is an algebraic proof of the fact that an unconditional Hahn-Banach extension operator is unique. Next we have a geometric proof. (Recall that x is a center of symmetry in a subset A of a linear space X if 2x − y ∈ A for every y ∈ A.)
Then ϕ(x * ) is the center of symmetry in H B(x * ) for every x * ∈ X * . In particular, the unconditional Hahn-Banach extension operator ϕ is unique, and ϕ is a center of symmetry in H B(X, Y ).
. Since a center of symmetry in a convex bounded set is unique, it follows that there is at most one unconditional extension operator in H B(X, Y ).
. Hence we get 2ϕ − ψ ∈ H B(X, Y ) and ϕ is a center of symmetry in H B(X, Y ).
The following result shows that if a Banach space X contains a subspace isomorphic to ℓ 1 and is a u-ideal in its bidual, then the diameter of H B(X, X * * ) is as large as possible. Proposition 2.3. Let X be a Banach space which contains a subspace isomorphic to ℓ 1 . If X is a u-ideal in its bidual, then diam H B(X, X * * ) = 2.
P r o o f. Let π = k X * k * X and P ϕ = ϕk * X respectively be the canonical projection and the u-projection on X * * * . By Proposition 2.2 the unconditional Hahn-Banach extension operator ϕ is a center of symmetry in H B(X, X * * ), i.e. ψ = 2ϕ − k X * ∈ H B(X, X * * ). Let P ψ = ψk * X and note that P ψ is an ideal projection on X * * * . By Proposition 2.6 in [5] we have I − 2π = 3, so
Note that the proof of Proposition 1 in [1] shows that if a non-reflexive Banach space X is 1 -complemented in its bidual by a projection P , then H B(X, X * * ) consists of at least two elements.
One direction of the following theorem was proved for separable h-ideals in [5, Theorem 6.7] . Our argument, just as the proof of Theorem 6.7 in [5] , is based on an application of Theorem 1.1 (b).
Theorem 2.4. Let X be a Banach space. Assume that X is a u-ideal in X * * with unconditional ϕ ∈ H B(X, X * * ). Let Z be a closed subspace of X. Then ϕ * (Z ⊥⊥ ) ⊂ Z ⊥⊥ if and only if Z is a u-ideal in Z * * with an unconditional Hahn-Banach extension Define ψ :
Let z * * ∈ B Z * * and ε > 0. Since X is a u-ideal in X * * and ϕ * (i
Recall that a Banach space X is said to have the approximation property (AP) if there exists a net (S α ) ⊂ F(X, X) such that S α → I X uniformly on compact sets in X. Lima, Nygaard and Oja have proved [16, 1} for y ∈ Y .) From [24] we also know that H B(F (Y, X), L(Y, X)) contains a single element for every Banach space Y whenever X is either ℓ p or the Lorentz sequence space d(ω, p) for 1 < p < ∞ (see also [7, Example 4 .1] for the case X = ℓ p and Y = ℓ q where 1 < q p < ∞). Dually we also have that
Theorem 3] we have in addition that the above holds if X is a closed subspace of
The next results tell us that in many more cases the set of Hahn-Banach extension operators consists of a single element.
Proposition 2.5. Let X and Y be Banach spaces. If X has the AP and Y is reflexive, then H B(F (Y, X), W(Y, X)) consists of one element only.
that y is a strongly exposed point. Then by Lemma 3.4 in [15] x * ⊗ y has a unique norm-preserving extension from F (Y, X) to W(Y, X) and hence Φ(x * ⊗ y) = x * ⊗ y.
Since Y has the RNP we get Φ(x * ⊗ y) for every x * ∈ X * and y ∈ Y by linearity and continuity. By a theorem of Feder For Y reflexive, we can combine Proposition 2.5 with the isometries
obtaining the following corollary. 
with lim sup
is the unconditional extension operator. From the argument in the proof of Proposition 2.5 Φ T is unique and of the form
Assume that K is a symmetric subset of B X . Assume also that 1 x n → 0 and that
where (S α ) ⊂ F(X, X) (see the proof of [21, Theorem 3.2] ). Now we can find an S among the S α 's such that
x n , x * n and sup
. Let Y be a Banach space and let T ∈ W(Y, X) be of norm one. Let C ⊂ B X be compact and let ε > 0. Define K = conv(±(C ∪ T (B Y ))) and note that K ⊂ B X and is weakly compact. By assumption there is S ∈ F(X, 
is a compact subset of X and of Z. It follows from the assumptions that we can find an S ∈ F(X, X) with
(1 + ε) T for T ∈ F . The result now follows from local characterization of u-ideals in Theorem 1.1. Sincel 2 is reflexive, we also get that
Hence, also ℓ ∞ is an example of a Banach space X such that F (Y, X) is an ideal in W(Y, X) for all Banach spaces Y , without being a u-ideal for all Y . Also, if for 0 < r < 1, Y r are the equivalently re-normed versions of c 0 defined in [8] , then
for all Banach spaces Y and 0 < r < 1 (see the last paragraph in [25] ). A Banach space X is said to have the unconditional metric approximation property (UMAP) if there is a net (T α ) ⊂ F(X, X) with lim sup
Like u-ideals, also the notion of the UMAP (for separable spaces using sequences) was introduced by Casazza and Kalton in [2] . In Theorem 5.2 in [12] it was proved that X has the UMAP if and only if For u-ideals we have the following result. Since Z has the AP, there is a net (U β ) ⊂ F(Z, Z) such that U β → I Z uniformly on compact sets. After switching to the product index set we may suppose that (U β ) is indexed by the same set as (S α ). Hence we shall write (U α ) from now on. Now let u ∈ F(Y, X) * . Since Y is reflexive and X has the AP, F (Y, X) * is isometrically isomorphic to a quotient of X * ⊗ π Y by a theorem of Feder and Saphar [4, Theorem 1]. Choose a representation
Hence T α → 0 weakly in F (Y, X). Consequently, a suitable net of convex combinations of T α converges in norm to 0. Thus there exist α 0 ,Ŝ α0 ∈ co{S α : α > α 0 } and
and T − 2Ŝ α0T T + ε. We get that
Hence T −2Û α0 T T +3ε, and the result follows from the local characterization of u-ideals in Theorem 1.1. Let X be a Banach space. In the next theorem we want to study the problem when F (X, Y ) is a u-ideal in W(X, Y ) for all Banach spaces Y . In Theorem 6.5 in [12] it was proved that (a) K(X, Y ) is a u-ideal in L(X, Y ) for all Banach spaces Y is equivalent to (c) there is a net (T α ) ⊂ K(X, X) with lim sup
T α x → x for all x ∈ X and T * α x * → x * for all x * ∈ X * , which in turn is equivalent to (e) X has the metric compact approximation property and X has the property (wM * ). Note that the equivalence of (c) and (e) follows from the equivalence of (3 o ) and (2 o ) in Corollary 4.5 in [29] by taking a = 1 and B = {−2}. In all these statements K(X, X) (resp. K(X, Y )) may be replaced by F (X, X) (resp. F (X, Y )) (see the text after Corollary 4.6 in [29] ).
Theorem 3.5. Let X be a Banach space. The following statements are equivalent. 
(e) For every weakly compact set K ⊂ X * there is a net (S α ) ⊂ F(X, X) with It now suffices to show that the statements in (a) and (f) hold whenever they hold for reflexive spaces Y . Indeed, to see that (a) holds we can use the local characterization of u-ideals in Theorem 1.1 and an argument similar to (g) ⇒ (a) in Theorem 3.2 (use (2) on page 3 instead of (1)).
To see that (f) holds we put [Z, Φ, J] = DFJP(span({T })) where Y is a Banach space and T ∈ W(X, Y ). Since Z is reflexive and J ∈ W(X, Z) there is a net (S α ) ⊂ F(X, X) with lim sup noticed that F (ℓ 1 ,l 2 ) is not a u-ideal in W(ℓ 1 ,l 2 ) wherel 2 is the equivalent re-norming of ℓ 2 constructed by Oja in [25] . Thus ℓ 1 does not fulfil statement (a) in Theorem 3.5.
Note that Proposition 2.3 in [22] for M-ideals also holds for u-ideals by using the local characterization of u-ideals in Theorem 1.1 instead of the 3-ball-property used in [22 
Ifl 2 is the equivalently re-normed version of ℓ 2 constructed by Oja, it follows from Remark 3.4 that F (X,l 2 ) fails to be a u-ideal in W(X,l 2 ) whenever X * contains a copy of c 0 . 
Let ε > 0. By the local characterization of u-ideals, Theorem 1.1, there is an operator M :
It is straightforward to verify that the operator N fulfils (d) in Theorem 1.1 and the result follows. 
The next result tells us more. 
where
Let (P ψi ) be the corresponding ideal projections on Y * . It now follows that for
Hence every ψ i is unconditional and by uniqueness, see Proposition 2.2, they all coincide. With ψ = ψ i we have
for all separable reflexive Z, then by Lemma 2.1 in [20] there is for every such Z and
By boundedness we may also assume that u, T α → u, T for all u ∈ X * ⊗ π Z. there is a net (S α ) ⊂ F(X, X) with lim sup
(c) There exists a Hahn-Banach extension operator ψ ∈ H B(X, X * * ) such that for every Banach space Y and T ∈ W(Y, X * * ) there is a net (S α ) ⊂ F(X, X) with
(d) For every weakly compact set K ⊂ X * * there is a net (S α ) ⊂ F(X, X) with (b) X is a u-ideal in X * * with an unconditional Hahn-Banach extension ψ such that ψ * | X * * is in the weak * -closure of the F (X, X) in L(X * * , X * * ).
(c) X is a u-ideal in its bidual with an unconditional Hahn-Banach extension operator ψ ∈ H B(X, X * * ) such that for every Banach space Y and T ∈ K(Y, X * * )
there is a net (S α ) ⊂ F(X, X) with lim sup x * * * n Jz n u π + ε.
Hence conv(J − 2S * * α J) cannot be strongly separated from B K(Z,X * * ) . By taking successive convex combinations we get a new net, also denoted by (S α ), such that that u, T α =
